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Abstract: We construct interpolating solutions describing single-center static extremal
non-supersymmetric black holes in four-dimensional N = 2 supergravity theories with
cubic prepotentials. To this end, we derive and solve first-order flow equations for rotating
electrically charged extremal black holes in a Taub-NUT geometry in five dimensions. We
then use the connection between five- and four-dimensional extremal black holes to obtain
four-dimensional flow equations and we give the corresponding solutions.
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1. Introduction
The radial dependence of single-center static supersymmetric black hole solutions [1, 2, 3, 4]
in four-dimensional N = 2 supergravity theories at the two-derivative level can be deter-
mined by solving a set of first-order differential (flow) equations [5, 6, 7]. Such solutions
are given in terms of harmonic functions [1, 3, 8, 9, 10, 11]. Furthermore, these black holes
can be connected to supersymmetric black hole solutions [12, 13, 14, 15] in five-dimensional
N = 2 supergravity theories. This link, which more generally holds for extremal black holes,
is implemented [16, 17] by placing the five-dimensional black hole in a Taub-NUT geome-
try, and by using the modulus of the Taub-NUT space to change between the five- and the
four-dimensional description. The 5d/4d-connection thus provides a unified treatment of
extremal black holes arising in five- and four-dimensional N = 2 supergravity theories with
cubic prepotentials. In this note, we focus on single-center extremal non-supersymmetric
black holes [5, 18, 19, 20, 21, 22] in such theories and we use the description based on very
special geometry in five dimensions, which is simpler to deal with than its four-dimensional
counterpart, to construct interpolating black hole solutions in four dimensions (i.e. solu-
tions with full radial dependence which interpolate between Minkowski spacetime at spatial
infinity and the near-horizon geometry AdS2 × S2).
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The features of supersymmetric black holes mentioned above continue to hold for cer-
tain classes of extremal non-supersymmetric black holes. For instance, it was shown in [22]
that the so-called STU-model admits interpolating black hole solutions of this kind which
are constructed out of harmonic functions. In [23] first-order flow equations were found for
certain extremal non-supersymmetric black holes in four dimensions. A generalization of
some of the findings of [23] was given in [24].
First-order flow equations exist when the effective black hole potential can be expressed
in terms of a “superpotential” W . Then, the effective two-derivative Lagrangian can be
written as a sum of squares of first-order flow equations involving W . The rewriting of
the black hole potential in terms of W is, however, not unique [23]. A given black hole
potential may thus give rise to different first-order flow equations, and the resulting black
hole solutions may or may not be supersymmetric.
In this note, we use very special geometry to construct first-order flow equations for five-
dimensional rotating electrically charged extremal black holes in a Taub-NUT geometry,
generalizing the results obtained in [25] for static extremal black holes in asymptotically
flat spacetime in five dimensions. The “superpotentials” W5 we employ are constructed
out of the five-dimensional central charge by rotating the electric charges with non-trivial
elements belonging to the invariance group of the inverse matrix GAB associated with the
kinetic terms for the Maxwell fields. We solve the flow equations and obtain interpolating
solutions describing extremal black holes in a Taub-NUT geometry in five dimensions.
Then we use the 5d/4d-connection to obtain four-dimensional first-order flow equations,
based on four-dimensional “superpotentials” W4, from the five-dimensional flow equations.
In this way, we give a new interpretation of the results of [23]. The solutions to the four-
dimensional flow equations that we present describe single-center static dyonic extremal
black holes in four dimensions, whose magnetic charge is the NUT charge. Some of the
non-supersymmetric solutions in four dimensions we find are connected to supersymmetric
solutions in five dimensions, as already observed in [26]. This feature is related to the
U(1)-fibration of the Taub-NUT geometry [27, 28]. For this set of solutions, the associated
first-order flow equations in four dimensions may hence be explained in terms of hidden
supersymmetry. We refer to the last section for a summary of our results.
2. Extremal black holes in five and four dimensions
Extremal black holes in five dimensions can be related to extremal black holes in four
dimensions by placing the five-dimensional black hole in a Taub-NUT geometry. In the
vicinity of the NUT charge, spacetime looks five-dimensional, whereas far away from it
spacetime looks four-dimensional. This connection was first established in [16, 17] for
supersymmetric black holes in the context of N = 2 supergravity theories that in four
dimensions are based on cubic prepotentials, and was further discussed in [29].
Here, we focus on single-center rotating extremal black holes in five dimensions which
are connected to single-center static extremal black holes in four dimensions. We do this
in the context of N = 2 supergravity theories with cubic prepotentials (cf. appendix A
for the conventions used). In five dimensions, the black holes we consider are electrically
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charged and may carry one independent angular momentum parameter. The NUT charge
is denoted by p0 and is positive. In four dimensions, the associated static black holes have
charges (p0, q0, qA), where q0 is related to the rotation in five dimensions [16, 17].
The corresponding line elements are related by dimensional reduction over a compact
direction of radius R. In the context of five-dimensional theories based on n abelian gauge
fields AA5 and real scalar fields X
A (A = 1, . . . , n) coupled to gravity, the reduction is based
on the following standard formulae (see for instance [30]),
ds25 = e
2φ ds24 + e
−4φ (dx5 −A04)2 , dx5 = Rdψ ,
AA5 = A
A
4 + C
A (dx5 −A04) ,
XˆA = e−2φXA , (2.1)
where the AI4 denote the four-dimensional abelian gauge fields (with I = 0, A). The rescaled
scalar fields XˆA and the Kaluza-Klein scalars CA are combined into the four-dimensional
complex scalar fields zA [30],
zA = CA + iXˆA . (2.2)
The five-dimensional scalar fields XA satisfy the constraint (A.1). The quantity e−6φ is
related to the four-dimensional Ka¨hler potential K(z, z¯) given in (A.15) by
e−6φ =
1
6V
CABC Xˆ
AXˆBXˆC =
1
8V
e−K . (2.3)
We take the five-dimensional line element and the five-dimensional gauge fields AA5 to
be given by
ds25 = GMN dx
M dxN = −f2(r) (dt+ w)2 + f−1(r) ds2HK , (2.4)
AA5 = χ
A(r) (dt+ w) , (2.5)
where ds2HK describes the line element of a four-dimensional hyper-Ka¨hler manifold. We
set
ds2HK = N
(
dr2 + r2(dθ2 + sin2 θ dϕ2)
)
+R2N−1(dψ + p0 cos θ dϕ)2 ,
w = w5(r) (dψ + p
0 cos θ dϕ) + w4(r) cos θ dϕ . (2.6)
Here θ ∈ [0, pi], ϕ ∈ [0, 2pi), ψ ∈ [0, 4pi) and N denotes a harmonic function in three spatial
dimensions,
N = h0 +
p0R
r
, p0 > 0 . (2.7)
When h0 = 0 and p0 = 1, the line element ds2HK describes a four-dimensional flat space,
whereas, when h0 > 0, it describes a Taub-NUT space. In the following, we will take
h0 > 0 , p0 > 0.
Using (2.1) and reducing over ψ results in
e−4φ =
1
fN
−
(
fw5
R
)2
(2.8)
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as well as
A04 = e
4φ f
2w5
R
(dt+ w4 cos θ dϕ)−Rp0 cos θ dϕ . (2.9)
The associated four-dimensional line element and the four-dimensional gauge fields AA4 are
ds24 = −e2U (dt+ w4 cos θ dϕ)2 + e−2U
(
dr2 + r2(dθ2 + sin2 θ dϕ2)
)
, (2.10)
AA4 =
e4φ
fN
χA (dt+ w4 cos θ dϕ) , (2.11)
with
e2U = e2φ
f
N
. (2.12)
The Kaluza-Klein scalars CA are given by
CA =
w5
R
χA . (2.13)
For a static black hole in four dimensions w4 = 0. The resulting black hole carries charges
(p0, q0, qA), but no magnetic charges p
A.
In the following, we will set the value of the Taub-NUT modulus to R = 1, for conve-
nience.
3. Flow equations in five dimensions
Here we derive first-order flow equations for five-dimensional rotating electrically charged
black holes in the geometry (2.6).
The bosonic part of the five-dimensional N = 2 supergravity action S reads
8piG5
V
S =
∫
d5x
√−G
(
R− gij ∂Mφi ∂Mφj − 1
2
GABF
A
MN F
BMN
)
− 1
6V
∫
CABC F
A ∧ FB ∧AC . (3.1)
We use the conventions of [26], which we summarize in appendix A. In particular, we set
2V = 1.
We take φi = φi(r) and insert the ansatz (2.4) and (2.5) into the action (3.1). We
write the result as
8piG5
V
S = S1 + S2 , (3.2)
where S2 contains only terms that are proportional to w and derivatives thereof. We obtain
(we refer to appendix B for some of the details)
S1 =
1
2
∫
dt dr dθ dϕdψ sin θ[−3r2f−2(f ′)2 − 2r2gijφ′iφ′j + 2r2f−2GABχ′A χ′B + 2∂r (r2f−1f ′)] ,
S2 =
1
2
∫
dt dr dθ dϕdψ sin θ[
f
r2N
[
(p0w5 + w4)
2 + r4N2w′25 + r
2 cot2 θ w′24
] (
f2 − 2GABχAχB
)
+
2
3V
CABC (p
0w5 + w4)χ
AχBχC w′5
]
, (3.3)
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where ′ = ∂r .
The terms in S1 can be written as
S1 =
1
2
∫
dt dr dθ dϕdψ sin θ
[−3r2f−2(f ′)2 − 2r2gijφ′iφ′j
+2r−2f−2GAB
(
r2χ′A + f2GACqC
) (
r2χ′B + f2GBDqD
)− 2r−2f2 qAGABqB
+2∂r
(
r2f−1f ′ − 2qA χA
)]
. (3.4)
The term proportional to qAG
ABqB is the so-called black hole potential [3, 31] which, with
the help of (A.12), can be written as
qAG
ABqB =
2
3
|Z5|2 + gij ∂i|Z5| ∂j |Z5| , (3.5)
where
Z5 = qAX
A (3.6)
denotes the (real) central charge in five dimensions. The rewriting (3.5) is, however, not
unique, as discussed in [23] in the four-dimensional context. Whenever the inverse vector
fields kinetic matrix GAB possesses an invariance group with elements RAB, i.e.
RAC G
CD RBD = G
AB , (3.7)
and if RAB is a constant real matrix, then qAG
ABqB can more generally be written as
1
qAG
ABqB =
2
3
|W5|2 + gij ∂i|W5| ∂j |W5| , (3.8)
where
W5 = QAX
A , QA = qB R
B
A . (3.9)
The case (3.5) is contained in (3.8) with RAB = δ
A
B . Specific examples based on (3.9) will
be discussed in section 5.
The rewriting of the black hole potential in terms of (3.9) results in a rewriting of S1,
as follows. First, we observe that S1 can be cast in the form (3.4), with qA replaced by QA
in the black hole potential. Then, using (3.8) we obtain
S1 =
1
2
∫
dt dr dθ dϕdψ sin θ
[
−3τ2f2
(
∂τf
−1 − 2
3
|W5|
)2
−2τ2gij
(
∂τφ
i + fgil∂l|W5|
)(
∂τφ
j + fgjk∂k|W5|
)
+2τ2f−2GAB
(
∂τχ
A − f2GACqC
) (
∂τχ
B − f2GBDqD
)
+2∂r
(
r2f−1f ′ − 2qA χA − 2f |W5|
)]
, (3.10)
where
τ =
1
r
. (3.11)
1There may exist other rewritings of the black hole potential which are not captured by (3.9).
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The last term in (3.10) denotes a total derivative, and we will comment on its interpretation
below. Thus, up to a total derivative term, S1 is expressed in terms of squares of first-order
flow equations which, when requiring stationarity of S1 with respect to variations of the
fields, result in
∂τf
−1 =
2
3
|W5| , (3.12a)
∂τχ
A = f2GABqB , (3.12b)
∂τφ
i = −fgij∂j |W5| . (3.12c)
They are analogous to the flow equations for static supersymmetric black holes in asymp-
totically flat spacetime in five dimensions derived in [25].
Next, we rewrite S2 as a sum of squares, as follows. Defining
χ˜A = χA + sf X˜A , X˜A = RAB X
B , (3.13)
with a certain proportionality constant s, to be determined in (3.21), we rewrite
GABχ
AχB = GABχ˜
Aχ˜B − 2sf GAB χ˜A X˜B + 3
2
s2f2 (3.14)
where we used GAB R
A
C R
B
D = GCD, and
CABCχ
AχBχC = CABC
[
χ˜Aχ˜B(χ˜C − 3sf X˜C) + 3s2f2χ˜A X˜B X˜C − s3f3X˜AX˜BX˜C
]
.
(3.15)
Then, we obtain for S2,
S2 =
1
2
∫
dt dr dθ dϕdψ sin θ{
− 2f
r2N
[
(p0w5 + w4)
2 + r4N2w′25 + r
2 cot2 θ w′24
]
GABχ˜
Aχ˜B
+
2
3V
(p0w5 + w4)w
′
5 CABC χ˜
Aχ˜B(χ˜C − 3sfX˜C)
+
f2
r2N
[
(p0w5 + w4)
2 + r4N2w′25 + r
2 cot2 θ w′24
] [
f(1− 3s2) + 4sχ˜AGABX˜B
]
+
2s2f2
3V
(p0w5 + w4)w
′
5 CABC
(
3χ˜AX˜BX˜C − sfX˜AX˜BX˜C
)}
. (3.16)
The first two lines already form a sum of squares (of χ˜A). The last two can also be combined
into perfect squares provided that s = ±1 and that RAB satisfies the relation
2GAB R
B
C X
C = CABC R
B
DX
D RCEX
E . (3.17)
Then, the additional first-order flow equations following from the stationarity of S2 are
χ˜A = 0 , (3.18a)
∂τw4 = 0 , (3.18b)
sN∂τw5 = p
0w5 + w4 . (3.18c)
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The coefficient s is related to the sign of W5, as follows. On the solution, we have
from (3.18a) that χA = −sfRAB XB , and both sides of this equation are a function of τ .
Differentiating χA with respect to τ and using the chain rule as well as (3.12c), we obtain
∂τχ
A = −sRAB
(−f2∂τf−1XB + f∂τφi∂iXB)
= s sgn(W5)f
2RAB
(
2
3
XBXC + gij∂iX
B∂jX
C
)
QC .
(3.19)
Invoking the identity (A.12) we have
∂τχ
A = s sgn(W5)f
2GABqB , (3.20)
and comparison with (3.12b) gives
s = sgn(W5) . (3.21)
Summarizing, we find that there are two classes of first-order flow equations specified
by the sign of W5. They are given by (3.12) and (3.18). Observe that (3.18a) is the
solution to (3.12b), and that on a solution to (3.12), the black hole potential (3.8) can also
be written as
2f2
(
2
3
|W5|2 + gij ∂i|W5| ∂j |W5|
)
= 3f2(∂τf
−1)2 + 2gij∂τφ
i∂τφ
j . (3.22)
It can be checked that the five-dimensional Einstein-, Maxwell- and scalar field equations
of motion derived from (3.1) are satisfied for these two classes of flow equations.
The XA are taken to lie inside the Ka¨hler cone (i.e. XA > 0). The flow equations
(3.12) are then solved by [12, 13, 15] (recall that 2V = 1)
f−1 =
2
3
HAX
A , (3.23a)
χA = −sf RAB XB , (3.23b)
f−1XA =
1
3
HA , (3.23c)
where HA denotes a harmonic function in three space dimensions,
HA = hA + |QA|τ , hA > 0 . (3.24)
The HA are taken to be positive since this ensures that f
−1 > 0 along the flow.
The remaining flow equations of (3.18) are solved by
w5 = H0 = h0 + q0 τ , w4 = h
0q0 − h0p0 (3.25)
for s = 1, and by
w5 = cN
−1 − w4
p0
, c = const , w4 = const (3.26)
for s = −1. The s = 1 solution is standard [15], and it describes a rotating supersymmetric
solution in five dimensions provided that QA = qA (i.e. R
A
B = δ
A
B). The s = −1 solution,
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on the other hand, is non-standard. This solution is non-supersymmetric, since one of
the conditions for supersymmetry derived in [15], namely that the self-dual part of dw
vanishes, is violated. In the absence of rotation, the five-dimensional solutions (3.23) are
supersymmetric provided that QA = qA (i.e. R
A
B = δ
A
B again).
Finally, let us comment on the boundary term in (3.10) which, on the solution (3.23),
equals 23f |W5| evaluated at spatial infinity. This value is independent of both p0 and the
five-dimensional rotation parameter w5. Therefore, it does not equal the ADM mass of the
associated four-dimensional black hole which, in general, depends on both p0 and w5 (cf.
(4.18)). The ADM mass of the s = 1 solution (3.25) is lower than the one of the s = −1
solution (3.26).
4. Flow equations in four dimensions
In the following, we relate the five-dimensional flow equations (3.12) and (3.18) to four-
dimensional ones by using the dictionary given in section 2. We set w4 = 0 in order to
obtain static solutions in four dimensions. The four-dimensional flow equations then take
the form
∂τU = e
U W4 ,
∂τz
A = 2eUgAB¯∂B¯W4 , (4.1)
with a suitably identified W4 as in [23, 24]. Observe that for a supersymmetric flow in four
dimensions [5, 6, 7],
−W4 = |Z4| , (4.2)
with Z4 given in (A.18).
4.1 Black holes with w5 = 0
In the absence of rotation in five dimensions we infer from (2.8) and (2.12) that the four-
dimensional quantity eU is expressed as
e−4U = e4φ f−4 = N f−3 (4.3)
in terms of five-dimensional quantities. Differentiating with respect to τ = 1/r and using
(2.7) gives
∂τ e
−U =
1
4
(
e3U f−3 p0 + 3eφ ∂τf
−1
)
. (4.4)
Using (2.3) we obtain
∂τ e
−U =
1
8
(
e−K/2 p0 + 12 eK/2 e−2φ ∂τf
−1
)
. (4.5)
Inserting the five-dimensional flow equation for f−1 given in (3.12a) into the above expres-
sion yields
∂τU = e
U W4 , (4.6)
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with
W4 = −1
8
eK/2
(
e−K p0 + 4
∣∣QA(zA − z¯A)∣∣) . (4.7)
Here we used that CA = 0 according to (2.13), so that zA = iXˆA.
Similarly, it can be checked that the flow equation for the scalar fields zA is given by
(4.1) with W4 given by (4.7). This is done in appendix C.
Setting TA = −izA and taking the real part of TA to lie inside the Ka¨hler cone, i.e.
TA + T¯A > 0, yields (with p0 > 0)
−W4 = 1
8
eK/2
(
e−K p0 + 4
∣∣QA (TA + T¯A)∣∣) > 0 , (4.8)
which is non-vanishing along the flow. This we now compare with the absolute value of
the central charge Z4 given in (A.20),
|Z4| = 1
8
eK/2
∣∣e−K p0 + 4 qA (TA + T¯A)∣∣ . (4.9)
Both expressions only agree provided that QA(T
A + T¯A) > 0 and QA = qA, in which case
the flow is supersymmetric in four dimensions, since it is derived from |Z4|. Otherwise the
flow is non-supersymmetric. First-order flow equations based on (4.8) were first obtained in
[23] in the context of the STU-model (which corresponds to C123 = 1) by using a different
approach.
The solution to the first-order flow equations (4.1) based on (4.8) reads
e−2U =
2
3
N1/2HA f
−1/2XA ,
zA = iXˆA = iN−1/2 f−1/2XA , (4.10)
where f−1/2XA is the solution to (3.23c), and where we used (4.3). This solution was first
derived in [22] for the STU-model by solving the four-dimensional equations of motion.
The horizon is at τ = ∞, and the scalar fields zA get attracted to constant values there.
Computing e−2U at the horizon yields the entropy of the extremal black hole
S = pi |W4|2hor (4.11)
in accordance with [23, 24]. An equivalent expression for the entropy can be found in
[32, 33].
We may apply duality transformations to obtain first-order flow equations for extremal
non-supersymmetric solutions in four dimensions carrying other types of charges. This was
also discussed in [22]. We consider the prepotential (we refer to appendix A and to [8] for
some of the conventions used)
F (Y ) = −1
6
CABC Y
AY BY C
Y 0
, (4.12)
and apply, for instance, the non-perturbative duality transformation (Y I , FI) = (−F˜I , Y˜ I).
This gives rise to extremal black hole solutions of the type recently discussed in [20, 21, 34],
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as follows. The zA = Y A/Y 0 can then be expressed as zA = F˜A/F˜0 and the charges (p
0, QA)
become equal to (−q˜0, P˜A) (and similarly for the respective harmonic functions). Observe
that since QA = qB R
B
A, the charge P˜
A does not equal p˜A = qA in general. Since the
combination i
(
Y¯ I FI − Y I F¯I
)
is invariant under symplectic transformations, and because
it is equal to |Y 0|2 e−K , it follows that
|Y˜ 0|2 e−K˜ = |Y 0|2 e−K . (4.13)
Hence we can write
eK˜/2
|Y˜ 0| =
eK/2
|Y 0| =
eK/2
|F˜0|
. (4.14)
Also, using zA = iXˆA as well as (A.13) and (A.15), we have |F0| = 18 |Y 0| e−K . Then, we
find that (4.8) can be expressed in terms of the transformed quantities as
−W4 = 1
8
eK/2
|F˜0|
(
−e−K |F˜0| q˜0 + 8 |P˜A F˜A|
)
= eK˜/2
(
−q˜0 +
∣∣∣∣∣P˜A F˜AY˜ 0
∣∣∣∣∣
)
. (4.15)
Observe that zA = −z¯A implies that also z˜A = −¯˜zA. Thus, extremal four-dimensional
black hole solutions with charges (q˜0, P˜
A) and with scalar fields satisfying z˜A = −¯˜zA can
be obtained by solving the first-order flow equations (4.1) based on (4.15). Observe that
−q˜0 = p0 > 0 and F˜A/Y˜ 0 = −Y A/F0 > 0. Hence, only when P˜A = p˜A and P˜AF˜A/Y˜ 0 > 0
is −W4 = |Z4|, as can be seen from (A.18), and the resulting flow is supersymmetric.
Otherwise, the flow is non-supersymmetric.
4.2 Black holes with w5 6= 0
Now we derive the four-dimensional flow equations associated with rotating black holes
with w5 6= 0 in five dimensions. Since in the presence of rotation, the matrix RAB has to
satisfy the additional constraint (3.17), we take RAB = δ
A
B for simplicity. Other R
A
B
satisfying (3.17) may also exist. This will be analyzed elsewhere.
From (2.8) and (2.12) we obtain
e2U = e2φ f N−1 = e−2φ f2∆ , (4.16)
where
∆ = 1 + e4φ (f w5)
2 . (4.17)
Using (4.16) we have
e−4U = N f−3 − (N w5)2 (4.18)
as well as
e3U f−3 = e−3φ∆3/2 ,
e3U N f−2 = eφ∆1/2 . (4.19)
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Combining (2.13) with (3.23b) results in
CA = −sw5 f e2φ XˆA , (4.20)
and hence
zA = α XˆA , α = −sw5 f e2φ + i . (4.21)
Comparing (4.17) with (4.21) we obtain
∆ = |α|2 , 4− 3∆ = 1− 3 (Reα)2 . (4.22)
We begin by considering the s = 1 solution given by (3.25), with w4 = 0, which implies
w5 = H0 = q0N/p
0 . (4.23)
From (4.19) and (4.17) we have
e3U N w25 = e
−3φ∆1/2 (∆− 1) . (4.24)
Using (4.18), (4.23) and the flow equation (3.12a), we obtain
∂τ e
−U =
1
4
e3U
(
p0f−3 + 2Nf−2W5 − 4p0N H20
)
. (4.25)
Inserting (4.19) and (4.24) into (4.25) results in
∂τ e
−U =
1
4
e3φ∆1/2
(
p0 e−6φ (4− 3∆) + 2qA XˆA
)
. (4.26)
The right hand side of (4.26) is identified with the “superpotential”
−W4 = 1
4
e3φ∆1/2
[
p0 e−6φ
(
1− 3 (Reα)2
)
+ 2qA Xˆ
A
]
. (4.27)
This we compare with Z4 given in (A.20), which for the case at hand reads
Z4 =
1
2
eK/2 α
[
−p0 e−6φ
(
1− 3 (Reα)2
)
− 2qA XˆA
]
. (4.28)
Using (2.3) we find that (4.2) holds. Thus, the s = 1 flow is a supersymmetric flow in four
dimensions. The solution to the first-order flow equations (4.1) is well known and reads
e−4U =
4
9
N
(
HA f
−1/2XA
)2
− (N H0)2 ,
zA = α XˆA =
3
2
( −N H0 + ie−2U
N HB f−1/2XB
)
f−1/2XA , (4.29)
where f−1/2XA is the solution to (3.23c).
Next, we consider the s = −1 solution given in (3.26), with w4 = 0. From (4.18) we
obtain
e−4U = N f−3 − c2 , (4.30)
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which we demand to be positive at spatial infinity (i.e. at τ = 0) to ensure that e−4U
remains non-vanishing along the flow. Using the flow equation (3.12a) as well as (4.19) we
get
∂τ e
−U =
1
4
e3U
(
p0f−3 − 2Nf−2W5
)
=
1
4
e3φ∆1/2
(
e−6φ∆ p0 − 2qA XˆA
)
. (4.31)
With the help of (4.21) and (4.22) this can be rewritten as
∂τ e
−U = −W4 (4.32)
with
−W4 = eK/2
∣∣∣∣p06 CABCzA zB z¯C − qA zA
∣∣∣∣ . (4.33)
Similarly, one can verify that the flow equation for the scalar fields zA is given by (4.1)
with W4 as in (4.33). This is done in appendix C. Thus, we find that the s = −1 solution
is described by a first-order flow equation based on (4.33). Inspection of (4.31) shows that
W4 is non-vanishing along the flow. An example of a flow of this type was constructed
recently in [23], where also the stability of the solution is discussed.
The solution to the first-order flow equation (4.1) based on (4.33) reads
e−4U =
4
9
N
(
HA f
−1/2XA
)2
− c2 ,
zA = α XˆA =
3
2
(
c+ ie−2U
N HB f−1/2XB
)
f−1/2XA , (4.34)
where f−1/2XA is the solution to (3.23c). When setting c = 0, the solution (4.34) reduces
to the static case (4.10). The solution (4.34) is such that the axions CA vanish at the
horizon (i.e. at τ = ∞), so that zAhor = iXˆAhor, and the entropy is given by (4.11). Away
from the horizon the CA are non-vanishing and therefore the axions are subject to a non-
trivial flow.
Finally, we may apply the non-perturbative duality transformation discussed below
(4.11) to (4.33). Using (A.13) we have F0 =
1
8 α
3 Y 0 e−K , and hence
−W4 = eK˜/2
∣∣∣∣∣ α¯α q˜0 − p˜A F˜AY˜ 0
∣∣∣∣∣ . (4.35)
The phase α¯/α can be expressed in terms of the transformed quantities as follows. For
the non-perturbative duality transformation under consideration, F˜ (Y˜ ) = F (Y ) (see for
instance [35]). Since (α¯/α)3 = F¯ (Y¯ )/F (Y ), it follows
( α¯
α
)3
=
¯˜F ( ¯˜Y )
F˜ (Y˜ )
. (4.36)
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5. Multiple W5 for a given black hole potential
In this section we extend our discussion of section 3 on the black hole potential and its
description in terms of W5.
One of the key features that allow to identify classes of four-dimensional stable ex-
tremal black holes described by first-order differential equations in [23] is the degenerate
description of the four-dimensional effective potential in terms of a “superpotential” W4.
The solutions are supersymmetric only when the latter coincides with the four-dimensional
central charge Z4.
A similar analysis can be carried out in five dimensions. As discussed in section 3,
whenever the five-dimensional effective potential is expressed in terms of a “superpotential”
W5 as in (3.8), first-order flow equations for the various fields describing the extremal black
hole can be obtained. The associated solutions may be supersymmetric in five dimensions
when W5 equals the five-dimensional central charge Z5 = qAX
A.
In section 3 we focused onW5’s which are obtained by studying the invariance group of
the inverse matrix GAB (see (3.7)). This is similar to the discussion in [23] of the invariances
of the complex matrixM appearing in the four-dimensional black hole potential, only that
it is simpler in five dimensions because GAB is real. It may be useful to note that although
the matrices RAB are part of the invariance group of the norm defined by the inverse metric
GAB , they can also be interpreted as transformations on the moduli space of very special
geometry by using relations such as (A.8).
Rather than attempting to characterize the general form of such matrices RAB, let us
in the following discuss a few classes of very special geometries for which it is possible to
find non-trivial solutions to (3.7). Generically, GAB (with A,B = 1, . . . , n) has non-zero
entries in all of its matrix elements and possesses n different eigenvalues. Then, the only
allowed matrix RAB is the identity matrix. Non-trivial solutions can be found when G
AB
has m identical eigenvalues, in which case RAB is an orthogonal matrix in O(m). A further
specialization arises when GAB becomes (block) diagonal. Consider, for instance, the class
of scalar manifolds
M = SO(n− 1, 1)
SO(n− 1) × SO(1, 1) , (5.1)
which is associated to the Jordan algebra J = Σn−1×R, where Σn−1 is the Jordan algebra
of degree two corresponding to a quadratic form of signature (+− . . .−). The inverse GAB
therefore factorizes into a generic (n − 1) × (n − 1)-block and a single entry for the extra
SO(1, 1) factor [30]. This means that the associated “superpotential” can be chosen as
W5 = ±q1X1 + qaXa , a = 2, . . . , n , (5.2)
where X1 is the ambient vector space coordinate associated with the SO(1, 1) factor. The
exceptional case n = 2 with moduli a and b has a metric which further degenerates to
a diagonal form and therefore admits arbitrary sign changes in front of any of the three
charges allowed by the model in the “superpotential”. Let us discuss this in more detail.
The scalar manifold is simply SO(1, 1)×SO(1, 1) and it can be obtained as a hypersurface
in an ambient vector space, parameterized by the XA coordinates. The matrix GAB(X
C)
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is the metric of this ambient space and has non-trivial entries in all of its elements as
functions of XC . After the restriction to the hypersurface characterized by 2V = 1, this
metric reduces to the diagonal form
GAB =


1
a2 0 0
0 1
b2
0
0 0 a
2b2
2

 . (5.3)
From (5.3) it is clear that any diagonal matrix RAB with entries ±1 solves (3.7) and
therefore leaves the black hole potential invariant. The various “superpotentials” are then
defined by W5 = qAR
A
BX
B , and an example thereof is (5.2). Only when the matrix RAB
is the identity is it possible to obtain supersymmetric solutions.
In order to obtain further insights into the degenerate description of the black hole
potential in terms of “superpotentials”, additional guidance beyond the discussion of in-
variances of the inverse metric GAB is needed. It is known that group theoretical tools,
such as the analysis of orbits of U-duality groups in N ≥ 2 supergravity theories in four
and five dimensions [38, 31, 39], can be used to classify both BPS and non-BPS states.
U-duality can also be used to shed light on the degenerate description of the black hole
potential in terms of “superpotentials” W . In the recent work [24] it was shown that in
four-dimensional supergravity theories with N > 2, some of theW ’s giving rise to the black
hole potential can be written in terms of linear combinations of U-duality invariants. Both
the supersymmetric and non-supersymmetric critical points of the black hole potential are
then related to its different rewritings in terms of these invariants. It remains to be seen
whether these results can be extended to the case of general N = 2 supergravity theories
in four and five dimensions.
6. Summary
In this note we constructed single-center static extremal non-supersymmetric black hole
solutions in four-dimensional N = 2 supergravity theories based on general cubic prepo-
tentials. These solutions have full radial dependence and interpolate between Minkowski
spacetime at spatial infinity and the near-horizon geometry. The solutions constructed
here include the ones found in [22] in the context of the STU-model. The construction
given in this note, however, applies to any cubic prepotential and is based on first-order
flow equations, rather than on the equations of motion as was the case in [22].
First-order flow equations exist when the effective black hole potential can be expressed
in terms of a “superpotential” W [23]. The rewriting of the black hole potential in terms
of W is, however, not unique. A given black hole potential may thus give rise to different
first-order flow equations and it is only in special cases that these match the supersymme-
try conditions. Hence the corresponding solutions describe black holes that may or may
not be supersymmetric, depending on the choice of W . Following this approach, exam-
ples of first-order flow equations for extremal non-supersymmetric black hole solutions in
four dimensions were discussed in [23, 24]. In this note, on the other hand, we gave a
systematic procedure for constructing extremal non-supersymmetric black hole solutions
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in four dimensions by using the connection between five- and four-dimensional extremal
black holes. This 5d/4d-connection relates static solutions in four dimensions to rotating
solutions in five dimensions and has been used in the past both in the context of supersym-
metric black holes and in the context of the entropy function approach for determining the
near-horizon solution of extremal black holes (see for instance [29] and [26], respectively).
Here we used the connection with five dimensions to construct four-dimensional “superpo-
tentials” W4 in terms of five-dimensional data. In fact, the 5d/4d-connection allows for a
rather simple construction of W4, as follows. The first step consists in the rewriting of the
five-dimensional black hole potential (3.8) in terms of a five-dimensional “superpotential”
W5, which need not be identical to the five-dimensional central charge Z5 (this possibility
follows again by noting that the rewriting of the black hole potential in terms of a single
scalar function is not unique, as detailed in section 5). The W5 we employed is expressed
in terms of the electric charges qA and a constant real matrix R
A
B associated with the
invariance group of GAB , see (3.9). This “superpotential” then leads to first-order flow
equations for extremal black holes in a Taub-NUT geometry in five dimensions. In the
static case, the flow equations are given by (3.12), and they are solved by (3.23). In the
rotating case, the flow equations are given by (3.12) and (3.18), and are supplemented by
the condition (3.17). In the rotating case, the stationary part w5 of the five-dimensional
line element is determined by the sign s of W5, which in turn is determined by the sign
of the “rotated” charges QA = qB R
B
A appearing in W5. Depending on the sign s, the
solution for w5 takes a different form. When s = 1, w5 takes the standard form (3.25)
in terms of harmonic functions, also known from the study of rotating supersymmetric
solutions [15]. When s = −1, however, w5 takes the new non-standard form (3.26).
Reducing the static five-dimensional solutions down to four dimensions yields the static
extremal black hole solutions (4.10), which are valid for any matrix RAB satisfying (3.7).
On the other hand, when reducing the rotating five-dimensional solutions down to four
dimensions, one needs to take into account the additional constraint (3.17). In this note
we took RAB = δ
A
B for simplicity in the rotating case, but other solutions to (3.17) may
exist and will be discussed elsewhere. The resulting four-dimensional solutions are labelled
by the sign s which, for the case at hand, is related to the sign of the electric charges
qA. When s = 1, the resulting solution is supersymmetric and takes the well known form
(4.29), whereas when s = −1 the solution is non-supersymmetric and is given by (4.34).
The extremal solutions presented in this note are solutions to any N = 2 supergravity
theory based on a cubic prepotential. They are for the most part new and include, as
special subcases, the N = 2 solutions discussed in [22, 23, 24]. Other extremal solutions
may then be generated by applying electric-magnetic duality transformations to them (see
for instance (4.15) and (4.35)). We note, however, that the construction of extremal black
hole solutions described in this note does not capture the entire class of such solutions. For
instance, it does not allow for the construction of an extremal non-supersymmetric solution
with non-vanishing charges (q0, p
0).
Finally, it is worth pointing out that only a subset of the extremal non-supersymmetric
four-dimensional black holes which we constructed as solutions to first-order flow equations
are connected to supersymmetric solutions in five dimensions. Hence only in certain cases
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can one argue that the first-order flow equations are due to hidden supersymmetry as
in [27, 28]. The solutions found in this paper show that the presence of first-order flow
equations is a feature that is more general and not necessarily tied to the presence of
supersymmetry. It would be interesting to study this further and, in particular, to see if
these first-order equations can be recovered in the context of fake supergravity [36, 37].
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A. Review of very special geometry
The five-dimensional N = 2 supergravity action is based on the cubic polynomial [30]
V =
1
6
CABCX
AXBXC , (A.1)
where the XA(φ) are real scalar fields satisfying the constraint V = constant. In our
conventions 2V = 1 [26].
From the definitions
XA =
1
6
CABCX
BXC , (A.2)
GAB =
1
V
(
−1
2
CABCX
C +
9
2
XAXB
V
)
, (A.3)
it follows that
XAXA = V (A.4)
and
XA =
2V
3
GABX
B , XA =
3
2V
GABXB , (A.5)
where GAB G
BC = δCA .
As V is a constant, i.e. ∂iV = 0 and ∂iV =
3
2(∂iXA)X
A, we also have
(∂iXA)X
A = 0 (A.6)
and consequently, by the definitions (A.2) and (A.3),
GAB∂iX
B = − 3
2V
∂iXA . (A.7)
The metric on the scalar manifold is defined by
gij = GAB∂iX
A∂jX
B . (A.8)
The index structure dictates that
gij∂iX
A∂jX
B = a(GAB − bXAXB) (A.9)
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with constant coefficients a and b. Contraction with XB must vanish because of eq. (A.6).
¿From eq. (A.5) we then have
0 = gij∂iX
A∂jX
BXB = a(
2
3V X
A − bXAV ) , (A.10)
which fixes b = 23 . To determine the coefficient a we contract eq. (A.9) with GAB , invoke
the definition (A.8) and observe that the number of physical scalars is one less than the
number of vector fields, n,
n− 1 = gijgij = GABgij∂iXA∂jXB = a(GABGAB − 23GABXAXB) = a(n − 1) . (A.11)
This implies that a = 1, so that finally
gij∂iX
A∂jX
B = GAB − 2
3
XAXB . (A.12)
The four-dimensional N = 2 supergravity action corresponding to (A.1) is based on
the prepotential [40, 41]
F (Y ) = −1
6
CABC Y
AY BY C
Y 0
, (A.13)
where the Y I are complex scalar fields (I = 0, A). The four-dimensional physical scalar
fields zA are
zA =
Y A
Y 0
. (A.14)
The four-dimensional Ka¨hler potential K(z, z¯) derived from (A.13) is
e−K =
i
6
CABC (z
A − z¯A) (zB − z¯B) (zC − z¯C) . (A.15)
The Ka¨hler metric gAB¯ =
∂
∂zA
∂
∂z¯B
K derived from (A.15) satisfies the relation
gAB¯ =
1
2
e4φGAB . (A.16)
The four-dimensional quantity Z(Y ) is given by
Z(Y ) = pI FI(Y )− qI Y I , (A.17)
where FI = ∂F (Y )/∂Y
I . The associated four-dimensional complex central charge Z4 reads
Z4 = e
K/2 Z(Y )/Y 0 . (A.18)
For a prepotential of the form (A.13) we obtain
Z(Y ) = Y 0
(
p0
6
CABCz
AzBzC − p
A
2
CABCz
BzC − q0 − qAzA
)
, (A.19)
and hence,
Z4 = e
K/2
(
p0
6
CABCz
AzBzC − p
A
2
CABCz
BzC − q0 − qAzA
)
. (A.20)
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B. Evaluating the action in five dimensions
The square root of the determinant of the metric (2.4), (2.6) is
√
−G = Rr
2N sin θ
f
. (B.1)
The inverse metric reads
GMN =


−1/f2 + f
(
Nw25
R2 +
w24
r2N
cos2 θ
sin2 θ
)
0 0 − fw4r2N cos θsin2 θ f
(
−Nw5R2 + p
0w4
r2N
cos2 θ
sin2 θ
)
0 f/N 0 0 0
0 0 f/(r2N) 0 0
− fw4r2N cos θsin2 θ 0 0
f
r2N
1
sin2 θ
− p0fr2N cos θsin2 θ
f
(
−Nw5
R2
+ p
0w4
r2N
cos2 θ
sin2 θ
)
0 0 − p0f
r2N
cos θ
sin2 θ
f
(
N
R2
+ (p
0)2
r2N
cos2 θ
sin2 θ
)


(B.2)
and the Ricci scalar is
R = 1
2r4fN3
[
f5N
(
(p0w5 + w4)
2 +
r4N2
R2
w′25 + r
2 cot2 θ w′24
)
− 5r4N2f ′2 + 2r3fN2(2f ′ + rf ′′)
− f2 ((p0)2R2 − r4N ′2 + 2r3N(2N ′ + rN ′′))],
(B.3)
where the prime denotes the derivative with respect to the radial coordinate r, i.e. ′ = ∂/∂r.
The last line in the expression (B.3) above vanishes on account of the definiton (2.7).
Inserting the ansatz
AA5 = χ
A(r) (dt+ w) + pA cos θ dϕ (B.4)
into the gauge kinetic term in (3.1) yields
−1
2
√
−GGABFAMNFBMN =−
R sin θ
r2f2N
GAB
[
f3pApB + f3(p0w5 + w4)(p
AχB + χApB)
+ f3
(
(p0w5 +w4)
2 +
r4N2
R2
w′25 + r
2 cot2 θ w′24
)
χAχB
− r4Nχ′Aχ′B
]
.
(B.5)
The Chern–Simons term in (3.1) evaluates to
− 1
6V
CABC F
A ∧ FB ∧AC = 1
3V
sin θ CABC
[
pA + (p0w5 + w4)χ
A
]
χBχCw′5
dt ∧ dr ∧ dθ ∧ dϕ ∧ dψ . (B.6)
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C. Flow equations for the complex scalar fields zA
Here, we derive the flow equation for the complex scalars zA. We set 2V = 1. We begin
by first considering the case discussed in subsection 4.1, so that zA = iXˆA. Using (4.3) we
obtain
∂τ Xˆ
A = ∂τ (f
−2e2U )XA + e−2φ ∂τφ
i ∂iX
A , (C.1)
where ∂i stands for the derivatives with respect to the physical scalars φ
i in five dimensions.
From (3.12a) and (4.5) we get
∂τ (f
−2e2U ) =
4
3
e2Uf−1|QAXA| − 2f−2e3U∂τe−U
=
4
3
f |QAXˆA| − 1
4
f−2e3U
(
e−K/2p0 + 4eK/2|QAXˆA|
)
.
(C.2)
Using the flow equation for φi given in (3.12c) we obtain
∂τφ
i ∂iX
A = −s f e4φ
(
1
2
gAB¯ − 2
3
XˆAXˆB
)
QB , (C.3)
where we also employed (A.12) and (A.16). Inserting (C.2) and (C.3) into (C.1) and using
(4.3) and (2.3) yields
∂τ Xˆ
A = eU
(
2s eK/2XˆAXˆBQB − 1
4
e−K/2XˆAp0 − s eK/2gAB¯QB
)
. (C.4)
With the help of (A.5), (A.16) and (2.3) we can express XˆA as
XˆA = eKgAB¯CBCDXˆ
CXˆD , (C.5)
so that equation (C.4) becomes
∂τ Xˆ
A = eUgAB¯
(
2s e3K/2CBCDXˆ
CXˆDQEXˆ
E − 1
4
eK/2CBCDXˆ
CXˆDp0 − s eK/2QB
)
.
(C.6)
This expression precisely agrees with the flow equation for ∂τz
A given in (4.1) and based
on (4.7). Namely, evaluating
∂τz
A = 2eUgAB¯∂B¯W4
= −1
4
eUgAB¯∂B¯
(
e−K/2p0 + 8eK/2
∣∣∣QAXˆA∣∣∣)
= −eUgAB¯
[(
1
8
eK/2p0 − s e3K/2QCXˆC
)
∂B¯(e
−K) + is eK/2QB
]
= ieUgAB¯
[(
−1
4
eK/2p0 + 2s e3K/2QEXˆ
E
)
CBCDXˆ
CXˆD − s eK/2QB
]
(C.7)
shows that (C.7) precisely equals (C.6). In deriving (C.7) we used the relations
∂B¯
∣∣∣QAXˆA∣∣∣ = sQA∂B¯XˆA = i2sQB (C.8)
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and (from (A.15))
∂A¯(e
−K) = − i
2
CABC(z
B − z¯B)(zC − z¯C) = 2iCABCXˆBXˆC . (C.9)
Next, we consider the s = −1 solution described in subsection 4.2. Proceeding as
above, we compute
∂τz
A = ∂τ
(
α e−2φXA
)
=
(
−2
3
αf2N−1e−2U |W5| − p0αfN−2e−2U
+
i
2
∆1/2fN−1e−U+3φ
(
p0∆e−6φ − 2QBXˆB
))
XA
+αfe2φ
(
1
2
gAB¯ − 2
3
XˆAXˆB
)
QB . (C.10)
Comparing with ∂B¯W4 based on (4.33),
∂B¯W4 = ie
3K/2∆1/2CBEF Xˆ
EXˆF
(
1
8
p0∆e−K −QAXˆA
)
−1
2
α eK/2∆−1/2
(
1
2
p0∆CBEF Xˆ
EXˆF −QB
)
, (C.11)
we find that (4.1) precisely holds.
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